Abstract. The notion of modular covariance is reviewed and the reconstruction of the Poincaré group extended to the low-dimensional case.
Introduction
The first relation between some space-time transformations and the modular group of the von Neumann algebras associated with wedge regions was discovered by Bisognano and Wichmann in the particular case of Wightman fields [1, 2] . They also proved that the modular conjugation implements both the space-time reflection w.r.t. the edge of the wedge and the charge conjugation. The analogous result for conformally covariant theories was then proven in [19] .
Since the Bisognano-Wichmann relations are far more intrinsic in the algebraic setting than in the Wightman field approach, it is very natural to conjecture such relations to hold for the local algebras of a quantum field theory under general hypotheses.
Indeed the examples in [25] and in [27] , where the modular operators are not associated with some covariant representation of the space-time symmetries of the theory, suggest that some kind of compactness condition (e.g. the split property) and Poincaré covariance could give such general hypotheses, but this conjecture is far from being proven.
In 1992, Borchers proposed a different approach to the problem. Instead of showing the Bisognano-Wichmann relations for a given covariant representation, his purpose was to reconstruct the space-time symmetries in terms of the modular operators. In particular he showed that for positive energy, translationally covariant, one-or twodimensional theories, modular groups and translations give a covariant representation of the Poincaré group [3] .
The theorem of Borchers had several consequences. In particular we quote the solution of the Bisognano-Wichmann conjecture for conformal theories [5, 15] , and the characterization of the conformal theories on S 1 in terms of half-modular inclusions [26] . Converses of Borchers theorem are contained in [9] . Borchers' purpose may be pursued in terms of a different set of hypotheses, namely the geometrical meaning of some modular objects.
Buchholz and Summers [8] were able to reconstruct the translation group assuming that the modular conjugations of wedge regions implement space-time reflections [see also [4] .
The reconstruction of the whole group of space-time symmetries for high-dimensional theories is studied in [6] . Neither translation covariance nor essential duality is assumed there, but the essence of the Bisognano-Wichmann prescription: the modular groups of the wedge regions should implement the correct space-time transformations. Such an assumption, which was called modular covariance, is sufficient to reconstruct a covariant representation of the Poincaré group and imply the second Bisognano-Wichmann property, namely the relation between modular conjugations and space-time reflections.
A related result in [22] shows that if the modular conjugation, resp. the modular group (dimension ≥ 4), implement a geometrical transformation whatsoever, then it implements the correct one. A classification of different, generalized forms of modular covariance is contained in [10] .
Up to now conformal theories were the only place where both approaches completely solve the problem. Indeed Borchers theorem implies, as already mentioned, that conformal theories verify the Bisognano-Wichmann properties, while (conformal) modular covariance reconstructs the unique covariant, positive-energy representation of the conformal group ( [6] , see also Remark 1.6). On the other hand, when the reconstruction of the Poincaré group is concerned, modular covariance was confined to the high dimensional case and Borchers technique to the low dimensional one.
Here we show that the modular covariance assumption may reconstruct the Poincaré group in the one and two dimensional case either (cf. Section 1). Moreover, for any space-time dimension, such assumption may be weakened to a more intrinsic one if essential duality is assumed. More precisely, only the covariant action of the modular automorphism group associated with a wedge W on the algebras of subregions of W is requested.
In this way positive energy translational covariance is equivalent to (weak) modular covariance for low-dimensional theories satisfying essential duality.
As we mentioned before, the results of Bisognano and Wichmann are intimately tied with the PCT symmetry and therefore with the Spin and Statistics relation. Conversely, modular covariance properties give sufficient hypotheses for the PCT and Spin and Statistics theorems to hold, as it is shown in [16] , [17] , [21] , [18] , [7] . We present and discuss some of these results in Section 2.
Modular covariance on the Minkowski space
In this section we review some results about modular covariance studied in [6] and extend such results to low-dimensional Minkowski spaces, thus making them comparable with the theorem of Borchers about the Bisognano-Wichmann property and PCT symmetry in the two-dimensional space-time [3] , see also [4] .
Moreover we weaken the modular covariance assumption, requesting only that the intrinsic action of the modular automorphism group of a wedge on the algebras associated with some of its subregions has the prescribed geometrical meaning. As a counterpart, we assume essential duality, which follows when the stronger modular covariance is assumed [5] .
We shall always consider local precosheaves on the wedges of the n-dimensional Minkowski space M , n ≥ 1, i.e. maps W → A(W ) from the family W of wedge regions in M (when n = 1 wedge regions are, by definition, open half lines) to von Neumann algebras on a separable Hilbert space H verifying the isotony property:
and the stronger form of locality called essential duality:
where W ′ denotes the space-like complement of W (the interior of the complement when n = 1). We denote by P + , resp. P ↑ + , the proper, resp. proper orthochronous Poincaré group. If n = 1, P + , resp. P ↑ + is the group of affine, resp. orientation preserving affine transformations.
If W ∈ W, Λ W denotes the one-parameter group of boosts preserving W (no rescaling is adopted here). When n = 1 and W is a right half-line Λ W is the one parameter group of dilations fixing the edge of W . Λ W for left half lines is determined by the equation Λ W (t) = Λ W ′ (−t). We also denote by r W the element in P + corresponding to the reflection w.r.t. the edge of W .
The main result of this section is to show that under the weak modular covariance assumption (see below) we may construct a canonical representation of the proper Poincaré group acting on the local algebras consistently with the action of P + on M . In particular this gives a PCT operator, i.e. an antiunitary operator which corresponds to the PT transformation on M and implements the charge conjugation on superselection sectors (cf. [16, 18] ).
First we discuss the low-dimensional case (n = 1, 2), which is interesting in itself and furnishes the basis for the weakening of the modular covariance assumption in the higher dimensional Minkowski space.
The low-dimensional case, n ≤ 2.
1.1 Theorem. Let A be a precosheaf on the wedges of the n-dimensional Minkowski space, n ≤ 2, satisfying essential duality. Assume also the existence of a vector Ω (vacuum) cyclic for the algebras of all wedges, and weak modular covariance:
where σ W denotes the modular automorphism group of the algebra A(W ) associated with the state ω := (Ω, · Ω).
Then there is a positive energy (anti)-unitary representation U of the Poincaré group
The representation U implements precosheaf maps, i.e.
First we prove some lemmas concerning the the one-dimensional case, and adopt the subscript a when dealing with objects associated with the right half line (wedge) (a, +∞). First we observe that when a ≤ b, weak modular covariance for the inclusion
If a > b, we apply weak modular covariance for the inclusion A(−∞, a) ⊃ A(−∞, b). Therefore we immediately get the following.
Next step will be the construction of the translation group (cf. [4] , Theorem 7.2 for an analogous construction). To this aim, let us consider the map from R to the unitaries on H given by
, where s 0 := log 2 2π .
Proposition. The map a → T (a) is a strongly continuous one-parameter group that implements translations, namely
Proof. A direct application of Lemma 1.2 and of the definition of T (a) gives
First we observe that, by (1.5), for any n ∈ N,
Then, assuming (1.6) for a given n and making use of (1.7) we have
and (1.6) for n ∈ N follows by induction. Since, by (1.5),
equation (1.6) holds for negative n too. Equation (1.6) immediately imply that
Finally by Lemma 1.2 we have, if |a| < 1,
which shows that T (a) is strongly continuous in a neighborhood of the origin therefore, by relation (1.9), it is a strongly continuous one-parameter group. Now we prove (1.4). If b ≥ 0 we have
where we have used Since we already proved relation (1.5) and P ↑ + is the semidirect product of translations and dilations, it is sufficient to show that, for all a, b ∈ R we have
* . By definition of T and by a repeated application of Lemma 1.2 we check that c t (a) commutes with ∆ is b , ∀a, b, s, t ∈ R. As a consequence
and, exploiting the dependence on t,
where we used the centrality of c t (a) in the group generated by the modular unitaries and the multiplicativity of c t (·). Then, interchanging t with s in the previous equation, we get c t ((e 2πs − 1)a) = c s ((e 2πt − 1)a) hence, recalling that
Now, making use of equations (1.5) and (1.8) we obtain
An analytic continuation argument (see e.g. [6] , Proposition 2.7) shows that the generator of the translations is positive, therefore the theorem of Borchers ([3] , see also [4] ) applies and we get J 0 T (a)J 0 = T (−a). This relation immediately imply that, setting U (r 0 ) = J 0 , we get an (anti)-unitary representation of P + . We conclude this proof showing that U (g) implements a precosheaf map for any g ∈ P + . Since we already proved (1.4), it is sufficient to show (1.2) only for g = Λ it 0 , t ∈ R and for g = r 0 . We prove the relation when g = Λ 0 (t) and W = (a, +∞) is a right wedge. The proofs for the other cases are analogous.
THE TWO-DIMENSIONAL CASE. First we construct a positive energy, covariant representation of the group of translations. Set
denotes the translation by v on R 2 and the first coordinate is the time coordinate, and set W
, where W 0 is the right wedge whose edge is the origin. Then we may consider the one-dimensional sub-precosheaves given by (A(W 
Recalling equations (1.3) and (1.10), we get
First we show that these two light-like translations implement precosheaf maps, i.e.
where ∆ is i , resp. Λ i (s) denotes the modular unitary group, resp. the one parameter group of boosts associated with the wedge W i , i = 1, 2 and v ∈ R 2 is defined by 
where s(a) = (2π) −1 log 3/2 if a ≥ 0 and s(a) = (2π) −1 log 1/2 if a < 0, we get (1.13).
If W is a left wedge and x ≥ t, then The rest of the proof is completely analogous to the one-dimensional case.
⊓ ⊔
1.4 Remark. First we compare our result with that of Borchers [3] and observe that, for a precosheaf on the wedges of the 1 or 2 dimensional space-time satisfying essential duality, weak modular covariance is equivalent to the existence of positive energy translations, and both assumptions imply the thesis of Theorem 1. 
A(W ) .
The kernel of the representation U is either a group of light-like translations (in a two-dimensional theory) or the whole group of translations. In the first case we get a one-dimensional theory as a degenerate case of a two-dimensional one, in the latter the precosheaf consists of only two algebras, A(W R ) and
W R is (any) right wedge, and the algebras of all double cones coincide with the center of A(W R ). In particular local algebras may be trivial. Conversely, if the algebra
and this implies that the algebras of wedge regions are generated by the algebras of double cones. In this case, either U is injective, or P ↑ + is in the kernel of U and all the algebras A(W ) coincide with a Maximal Abelian Sub-Algebra of B(H) (cf. [6] ).
The n-dimensional case, n ≥ 3.
Here we consider a precosheaf on wedges of von Neumann algebras in B(H), H a separable Hilbert space, and assume essential duality. Then set
where K denotes the family of double cones in M , and require that there exists a common cyclic vector Ω for the algebras associated with double cones. The weak modular covariance assumption now takes this form:
Corollary. Let A be a precosheaf on the wedges of the n-dimensional Minkowski space satisfying the mentioned properties. Then there is a positive energy (anti)-unitary representation U of the Poincaré group
and, as a consequence,
Proof. First we notice that, for each
because the first von Neumann algebra is a globally invariant subalgebra of the latter w.r.t. the modular group, and admits Ω as a cyclic vector. Therefore, whenever W 1 ⊃ W 2 , weak modular covariance implies
Then the one and two dimensional cases follow by Theorem 1.1. In the following we discuss the higher dimensional case. Let us fix a wedge W 0 and consider the two-dimensional precosheaf on the translated of W 0 . Applying Theorem 1.1 we get a two-parameter group of translations T (x),
where Θ(t) is the matrix cosh t sinh t sinh t cosh t . Then, since the algebra of any double cone may be translated into A(W 0 ) by a translation T (x) for some x in R 2 , weak modular covariance implies strong modular covariance namely, for all O ∈ K,
Now the results in [6] gives a representation U of the universal covering of P ↑ + such that any U (g) implements a precosheaf map. Then, according to [17] , J W has the correct commutation relations with the modular unitaries and this implies that U is indeed a representation of P ↑ + and extends to an (anti)-unitary representation of P + .
⊓ ⊔ 1.6 Remark. The same argument used in Lemma 2.5 in [6] shows that either U is injective or its kernel is P ↑ + . Indeed, in order to obtain Corollary 1.5 from weak modular covariance we had to assume the vacuum vector to be cyclic for the algebras associated with double cones, therefore the kernel of U cannot consist of the translations only. This case would be allowed if we assumed strong modular covariance and cyclicity of Ω for the wedge algebras only, and can be interpreted as a theory on a different space-time [7] . Now we compare Corollary 1.5 with Theorem 3.2 in [17] and notice that, for a local precosheaf on wedges, strong modular covariance is equivalent to weak modular covariance plus essential duality. Another equivalent formulation is the following:
Indeed this formulation still involve only the action of the modular automorphisms on local subalgebras, and implies essential duality as in [5] . Moreover, it can easily be adapted to conformal theories. Given a local net on the double cones of the ndimensional Minkowski space, we require that
where the last equation holds whenever t is in a suitable neighborhood of the origin, namely Λ O 1 (−2πs)O 2 is well defined for any s between 0 and t. In this case, the same arguments used in this section together with the analysis in Section 1 of [5] imply that the net extends to a conformally covariant precosheaf on the double cones of the universal covering of the Dirac-Weyl compactification of the Minkowski space.
PCT invariance and Spin-Statistics relation
Modular covariance properties play an important role in the proofs of PCT theorem and Spin and Statistics relation which are given in [16, 17, 21, 18, 7] . In particular the geometrical meaning of the modular conjugation associated with wedge algebras is an essential tool. As proved in Section 1, such a property follows from the weak modular covariance. In conformal theories such properties need not to be assumed, since they follow from conformal covariance [5] .
In this section we review the main steps from modular covariance to PCT and Spin-Statistics results.
Poincaré covariant theories
Let A be a precosheaf on the wedges of the n-dimensional Minkowski space M of von Neumann algebras in B(H), H a separable Hilbert space. We assume the same properties as in Section 1, namely essential duality, the existence of a common cyclic vector Ω for the algebras associated with double cones and weak modular covariance as stated in equation (1.20) .
Then we consider the quasi-local C * algebra A 0 given by the inductive C * -limit of the algebras associated with double cones, and localized representations of A 0 , namely representations which are unitarily equivalent to the identity representation if restricted to the causal complement of any space-like cone. Therefore, given any space-like cone S, we may identify the Hilbert space of π with H in such a way that π| A(S ′ ) = id| A(S ′ ) . The resulting representation is called localized morphism. Localized morphisms are transportable, namely may be localized in any space-like cone by a unitary conjugation. If ρ is localized in S ⊂ W , then ρ restricted to A 0 ∩ A(W ) extends to and endomorphism ρ W of A(W ). Two localized morphisms ρ and σ are said locally conjugate if, once localized in the same space-like cone S, for any W ⊃ S ρ W and σ W are conjugate as endomorphisms of the von Neumann algebra A(W ) [24] . If ρ has finite statistics, we shall call global conjugate the conjugate in the sense of Doplicher, Haag and Roberts [11, 12] .
A localized morphism ρ is (Poincaré) covariant if there exists a positive energy representation U ρ of the universal covering of the Poincaré group such that ρ · U (g) = adU ρ (g) · ρ. We recall that if regularity holds for A (cf. [16] , Section 5), any localized morphism ρ with finite statistics is Poincaré covariant.
We have already shown in Section 1 that the modular conjugation J W associated with any wedge W gives a (partial) PT operator, namely implements the space-time reflection w.r.t. the edge of W . The rest of the PCT theorem is contained in the following:
2.1 Theorem. Let A be a precosheaf on the wedges of the n-dimensional Minkowski space verifying essential duality and weak modular covariance, and let ρ be a localized covariant morphism. Then, if j denotes the modular anti-automorphism associated with any given wedge, adj · ρ · j is a local conjugate of ρ and, if ρ has finite statistics, it is a global conjugate of ρ.
Proof. The local conjugate property is proven in [16] and does not depend on the covariance of ρ, but only on the geometrical meaning of the modular conjugation. The proof for the global conjugate property is contained in [7] , and is a corollary of the analogous statement in [18] where positive energy and covariance play a major role. ⊓ ⊔ Now we restricts to the high dimensional case (n ≥ 3).If ρ is an irreducible covariant morphism with finite statistics, the statistics parameter λ ρ [11] and the spin s ρ := U ρ (2π) are two scalar quantities. The index statistics theorem [23] states that |λ ρ | = Ind(ρ) −1/2 , where Ind(ρ) is the Jones index of the inclusion
W containing the localization region of ρ. Setting λ ρ = |λ ρ |κ ρ , the following theorem gives the spin-statistics relation.
2.2 Theorem. Let A be a precosheaf on the wedges of the n-dimensional Minkowski space, n ≥ 3, verifying essential duality and weak modular covariance, and let ρ be an irreducible covariant morphism with finite statistics. Then κ ρ = s ρ .
Proof. If n ≥ 4, the proof is contained in [17] (cf. also [21] ). Indeed in this case (or when ρ is localized in a double cane) one may construct the Doplicher Roberts field algebra [13] , and the theorem follows by the equality between the statistics operator and U (2π) on such algebra. When n = 3 and ρ is localized in a space-like cone, the previous technique does not apply and we refer to the proof in [7] , which is a natural extension of the arguments in [18] . ⊓ ⊔
Conformal theories on S 1
Let A be a local precosheaf on the intervals of S 1 of von Neumann algebras on a separable Hilbert space H, where by interval we mean an open non empty connected subset of S 1 such that the interior I ′ of its complement is non empty too. Following [18] we assume conformal covariance and the existence of a unique conformally invariant vector Ω cyclic for the algebra generated by the A(I)'s. These properties imply that both the modular groups and the modular conjugations have a geometrical meaning. Then we consider the universal C * -algebra C * (A) associated with the precosheaf A (cf. [14] ), identifying the local algebras with the corresponding subalgebras of C * (A). It turns out that the representations of the precosheaf A are in one-to-one correspondence with the localized endomorphisms of C * (A), namely the endomorphisms ρ of A such that, for some interval I, ρ| A(I ′ ) = id| A(I ′ ) . If ρ is a localized covariant endomorphism then finite statistics is equivalent to finite index. When ρ is irreducible, the index-statistics correspondence holds and the univalence s ρ := U ρ (2π) is a well defined complex number of modulus one. We refer to [18] for the proof of this statement (an independent proof of this theorem based on different ideas, namely the reconstruction of local fields, has been given recently by Jörss [20] ).
Further generalizations of the techniques developed in [18] are contained in [7] , where spin-statistics relations for conformal theories on higher-dimensional space-times or for theories on a different space-time are proven.
